The mechanism of high-temperature superconductivity in cuprates remains one of the defining problems in condensed matter physics. By exploiting recent developments that greatly improve the quantitative accuracy of angle-resolved photoemission spectroscopy (ARPES), especially in its ability to extract the self-energies [ 4 ], we are able to directly measure all key electronic parameters and pairing interactions as a function of angle. This gives us the ability, for the first time, to reconstruct the angular-dependent pairing length scales in a superconductor (Fig. 1) 
problems in condensed matter physics. By exploiting recent developments that greatly improve the quantitative accuracy of angle-resolved photoemission spectroscopy (ARPES), especially in its ability to extract the self-energies [ 4 ] , we are able to directly measure all key electronic parameters and pairing interactions as a function of angle. This gives us the ability, for the first time, to reconstruct the angular-dependent pairing length scales in a superconductor (Fig. 1) . In contrast to most previous concepts that hold that the pairs in the cuprates are round as in conventional superconductors [ 5 ] , we find that the pair length scales have the shape of a 4-legged starfish. The starfish-shaped pairing lengths have very long (>50Å) arms near the node (45° to the Cu-Cu bonds) and a very short body of about 4.5Å along the Cu-Cu bonds. Previous results only indicated the overall average superconducting coherence length of the pairs to be around 20Å -a properly weighted averaging of our result returns a similar value (see supplementary information S1 and Fig. S1 ). As a function of doping, our data shows the surprising finding that the antinodal pair size remains approximately constant and is pinned near the lattice parameter of 3.8Å -a result that further indicates that this short length scale is not accidental but rather is likely a defining or driving characteristic of the pairing interaction.
For conventional superconductors [ 2 ] , where the pair wave functions are well-known, the superconducting pair size can be defined as the expectation value of the root-mean-square radius, in either real-space or k-space, as [ 6, 7 ] (1)
where y(r) is the Cooper-pair wave function in real space, ! " is the gradient operator in momentum space (k space), and y(k) is the Fourier transform of y(r) to k space [ 8, 9 ]. The wavefunction is y(k)=D(k)/E k with # $ = & $ ' + ∆($) ' [ 8, 9 ] , where e k is the non-gapped dispersion.
The expression of the pair size includes multiple terms (see all terms including their derivation in supplementary information S2), but the dominant term of the pair size is written as:
where q is the Fermi surface angle, # $ = & $ ' + ∆ , ' , and the k-integrals and the gradients are taken in the direction perpendicular to the Fermi surface (see the justification for the dominant term in supplementary information S2 and Fig. S2 ). The important point is that all parameters necessary to compute Eqn. 2 are now directly accessible from ARPES experiments, especially after the recent introduction of a reliable method for the 2-dimensional analysis of ARPES data [ 4 ] , which delivers consistent and accurate results for the band energy e k , the pairing gaps D q , and especially the singleparticle self-energies Sʹ(k, w,T) and S″(k, w,T) and the related renormalization parameter Z(k, w,T)
enter into the evaluation of e k and E k . Utilizing previously published low-temperature ARPES data from a T C =85K underdoped sample we extract the pair size as a function of angle, as plotted in Fig. 1a and 1b. It is seen that the pair length scales have a shape reminiscent of a four-armed starfish, with the arms extending to very large distances near the nodes, with a compact body of 4.5 Å in the antinodal direction. As the gap goes to zero at the node, the pair size concept is more complicated -thus, in Fig.   1a and 1b, we omitted the exact nodal direction indicated by the blank in the figure.
The above result is a natural consequence of the d-wave symmetry of the pairing interaction strengths and can be compared to the more commonly discussed Pippard coherence length [ 10 ] that is the length 4 scale over which the superconducting state recovers when it is destroyed locally. For a BCS superconductor, the coherence length is given by
where v F is the Fermi velocity and D the superconducting gap (pairing strength) [ 11 ] . The large gap in the antinodal direction therefore naturally corresponds to the smaller length scale of the starfish body, while the very small gap near the nodes corresponds to the very long arms. Supplementary Fig. S1 shows our ARPES-based result of the coherence length. While previous measurements only indicated the overall average superconducting coherence length of the pairs to be around 20Å [ 12, 13 ] , our result, when properly weighted by an average around the zone, returns a similar value (see detailed discussion in supplementary information S1).
In addition to the UD85K sample of Fig. 1a and 1b (Fig. 1c) , with the 7 samples having dopings that span the underdoped and overdoped regimes.
The antinodal pair sizes are extremely short and doping independent. These antinodal pair sizes are extracted from the spectral data (Figs. 2a-2g ) from all samples with temperature well below T C for the antinodal region of the Brillouin zone where the gap is largest (red line in Fig. 2o ). The photon energy has been chosen so as to emphasize the antibonding band of the bilayer-split bands [ 14, 15 ] -a comment about the bonding band will come later. 2D fits to these data following the procedure of ref [ 4 ] are shown in Fig. 2h-2n . Fig. 2p and 2q also show the k F EDCs from each set of experimental data and fits
The individual parameters extracted from the fits of Fig. 2 are plotted as a function of doping in Fig. 3 .
With these individual parameters, we are then able to write the antinodal pair wavefunction and thus extract the low temperature antinodal pair size for each doping level using Eqn. 2. The results of these calculations for a wide range of doping levels are plotted in Fig. 1c , showing that the antinodal pair size is essentially unaffected by doping level, even though the various constituent parameters of Fig. 3a-d vary significantly with doping. For a few doping levels we have separately extracted similar data on the bonding band of the bilayer split bands. These bands are farther from the Fermi energy (E BB and k F are larger than the ones for the antibonding bands), and though they have the same gap sizes as their antibonding counterparts we find that the antinodal pair sizes are significantly larger for the bonding bands (see supplementary information S4 and Fig. S3, Fig. S4 ).
The most surprising aspect of these results is the extremely short and universal antinodal pair size of order 4.5Å. This is the case even though the individual parameters determining this quantity (Eqn. 2) all vary with doping (Fig 3) , in some cases strongly. We therefore argue that this constant ultrashort length scale, which is close to the lattice parameter of 3.8 Å, can not be a coincidence but rather must be a natural and defining aspect of the pairing interactions in the cuprates. Such a short pairing length scale is not consistent with a conventional pairing mechanism that exchanges long-wavelength (low-q) phonons, or low-q spin fluctuations, but would likely admit a purely electronic mechanism [ 4 ] or perhaps one that exchanges zone-boundary bosons.
The extremely short length scale of the pairs is extremely different from that of conventional superconducting pairs that extend over many lattice sites, and therefore allows a new type of question to be asked that would be meaningless for a system with large pairs: what is the location of the pair center relative to a specific lattice site, i.e. are the pairs centered on individual Cu atoms (Fig 4a) , bonds (Fig 4b) , or plaquette centers (Fig 4c) ? This is important since we should intuitively expect a different type of pairing interaction to be applicable depending upon which of the centering options of question also gets at the very heart of the nature of the carriers in the cuprates -for example, even Because this pairing short length is so constant across the range of doping levels, it is plausible to consider it one of the defining characteristics of the pairing in the cuprates, perhaps more so than the strength of the pairing (superconducting gap) itself. Indeed, the strongly increasing pairing strength with underdoping, known for almost two decades [ 24 ] , should perhaps no longer be considered to be a signal of an intrinsically stronger interaction in the underdoped regime, but rather as a means of fixing the antinodal pair size at this lattice-based value. A positive feedback on the pairing interactions,
proposed recently [ 4 ] , is one such mechanism that would allow or maybe force the pairing strength to grow until it sets the pair size at the optimal value, i.e. it enforces a type of speed-limit on the pairing enforced by the lattice parameters. Regardless of the mechanism of the pairing, our reconstruction of the shape and size of the pairs, including especially the universal antinodal length scale, will bring us much closer to understanding the various cuprate phenomenology as well as the microscopic interactions that drive the pairing in these materials.
Methods
Pb-doping renders BSCCO free of the superstructure effects which contaminate most ARPES data on BSCCO cuprates. Thus we achieve data with very high resolution and low background, which is essential for self-energy analysis but is otherwise fully consistent with the large body of data taken by many groups over the years. ARPES experiments were performed at SSRL and HiSOR. In our measurements we selected incident photon energies to separate the response of the bilayer-split antibonding band from that of the bonding band; results from former are shown here and those from the latter (which are qualitatively similar) are shown in supplementary information Fig. S3 and S4, and discussed in the supplemental information S4.
We have performed high resolution ARPES on a series of superstructure-free bilayer (Bi,Pb) 2 Sr 2 CaCu 2 O 8 (Bi2212) samples in both the overdoped and underdoped regimes and with T C 's ranging from 69 to 91K, and with temperatures from 10K to 250K, though for the present work we focus on the low temperature superconducting-state spectra. A key enabler of the present work was the recent development of a new two-dimensional fitting procedure for the ARPES data [ 4 ] that no longer must focus on the one-dimensional MDCs (Momentum Distribution Curve) or EDCs (Energy Distribution Curves), but instead treats these simultaneously and on an equal footing. Our analysis assumes (successfully so far) that spectral broadening and band renormalizations (the effects of electronic correlations) can be treated within the conventional many-body language of Green's functions and electronic self energies, though we do not restrict the system to have self-energies that are small compared to the energy of the states, i.e. there is no requirement that we reside in the quasiparticle or Fermi-liquid frameworks. With this we are able (successfully so far) to describe all modifications to the spectra due to the onset of superconductivity within the framework of the conventional Nambu-Gor'kov formalism. Another new aspect of this procedure is that the real and imaginary parts of the extracted electronic self-energies S′(k,w,T) and S″(k,w,T) are intrinsically constrained to be causal (obey the Kramers-Kronig relations), as opposed to previous efforts in which the Kramers-Kronig relations were taken in one direction (e.g. taken from S″ to obtain information about Sʹ, or vice-versa). This treatment allows us to extract, naturally and simultaneously, the superconducting gaps, the coherence factors for particle-hole mixing (which determine the Bogoliubov quasiparticles), and both real and imaginary parts, S' and S'', of the complex self-energy. All of these quantities were obtained at many momentum points throughout the Brillouin zone and for many temperatures across the pairing and superconducting regimes.
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Supplementary Information

S1. Weighted average of Pippard coherence length
For a BCS superconductor, the coherence length is given by
In the presence of strong correlations, the Fermi velocity v F is given by v F =v BB /Z with v BB the bare band velocity and Z the renormalization factor. Thus, v F is an effective quantity whose strong suppression is contained in the renormalization parameter Z which may also be considered as an enhancement of the single-particle mass. . We can calculate the average coherence length weighted by the condensate density to be 13Å for the UD85 sample and 17Å for the OD74 sample. We plot these values in 
S2. The functional form of pair size
The general expression of the characteristic size of the Cooper pairs is:
where y(r) is the Cooper-pair wave function in real space, 5 6 is the gradient operator in momentum space (k space), and y(k) is the Fourier transform of y(r) to k space [ 4 ] . We utilize
, where e k is the non-gapped dispersion that includes the renormalization effect due to the many-body interactions. e 0k is the bare band dispersion. For one ARPES cut (antinodal cut as shown in Fig. 2 ), we can approximate the bare band as a parabola, i.e. ε 16 = − 9 :: 6 ; < = ( + * >> with parameters of the Fermi momentum k F and bare band bottom E BB , where the k F and E BB of the antinodal cut of various doping are displayed in Fig. 3 . We will evaluate Eqn. S2 for every angle q, discussing the denominator and numerator separately. The denominator of the pair size as a function of angle is:
where the k integral is perpendicular to the Fermi surface at an angle q, the integral range is within the first Brillouin zone, and e 0k , D q , and Z q are the corresponding bare band, superconducting gap and renormalization factor for the ARPES cut at certain Fermi surface angles (the antinodal cut is shown in Fig. 2) , and
numerator of the pair size functional form is:
with the same integral condition with the numerator described above. Here 5 
To further justify the approximation of ! @ ≈ ! FG , Fig. S2 shows a simulation result of the 
S3. Cooper pair size and coherence length
In the BCS limit (band bottom energy much larger than the superconducting gap size E BB <<D), the Cooper pair size x pair is quite similar to the coherence length x pair » 1.11x CL as can be obtained by a direct calculation using Eqn. S5. However, in cuprate superconductors, when moving towards the antinode, D increases, and the band bottom decreases, the ratio of pair size to coherence length deviates from the BCS limit. And in fact, at the antinodal region, samples of all dopings that we measured show a strong deviation from the BCS limit due to the shallow band bottom that is comparable or even smaller (OD69) than the superconducting gap.
S4. Bilayer splitting and Bonding and Antibonding bands.
Due to the fact that there are two CuO 2 planes per unit cell (a bilayer) with some coupling between them, the bands split into a lower or bonding band (B) and an upper or antibonding band (AB) [ 5, 6 ]. By utilizing a photon energy of 24 eV the AB band has a dominant matrix element (experimental intensity) and there is almost no contamination from the B band. This is the It is perhaps surprising that the renormalization parameter Z has only a weak doping dependence (Fig 3d) . The way this is extracted from our data is shown in Fig. S5 . First S²(w) and S¢(w)
were extracted from the low temperature antinodal data from each sample utilizing the recentlydeveloped 2-dimensional fitting technology [ 7 ] . The value Z is defined A = 1 + |5Σ′/5=| R→1 , i.e. it is related to the slope of S¢ vs omega at E F . This slope is highlighted by the black dashed 
